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We study groups of bi-Galois objects over a Hopf algebra H in
a braided monoidal category B. We assume H to be cocommutative
in a certain sense; this does not mean that H is a cocommutative
coalgebra with respect to the braiding given in B, but it is
cocommutative with respect to a different braiding subject to
speciﬁc axioms. The type of cocommutative Hopf algebras under
consideration (investigated in previous papers) occurs naturally, for
example in Majid’s transmutation construction. We show that for
cocommutative H the suitably deﬁned cocommutative bi-Galois
objects form a subgroup in the group of H-H-bi-Galois objects. We
also show that all cocycles on H are lazy, and that second (lazy)
cohomology describes the subgroup of cleft bi-Galois extensions in
the group of cocommutative ones.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
We study groups of Galois objects associated to a Hopf algebra in a braided monoidal category.
For cocommutative Hopf algebras over a commutative base ring k, this subject goes back at least
to a paper of Early and Kreimer [8], in the case where the Hopf algebra is the dual of the group
algebra of a ﬁnite abelian group even further to work of Harrison [10,11] and ultimately to the abelian
group structure given by Hasse [12] to the set of isomorphism classes of Galois extensions with ﬁxed
abelian Galois group; to achieve this he had to admit Galois extensions that are algebras rather than
ﬁelds.
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3200 P. Schauenburg / Journal of Algebra 324 (2010) 3199–3218Here is a very brief summary of the basic facts for a cocommutative Hopf algebra H and (to
keep matters simple) a base ﬁeld k. An H-Galois extension of k, which we will call an H-Galois
object for short, is an H-comodule algebra A whose H-coinvariant subset is k and for which a certain
canonical map A ⊗ A → A ⊗ H is an isomorphism. The isomorphism classes of H-Galois objects
form a group Gal(H). The product in this group is given by the cotensor product of H-comodule
algebras. The isomorphism classes of commutative H-Galois objects (which can only exist if H itself
is commutative) form a subgroup in Gal(H); this group was studied for H the dual of the group
algebra of a ﬁnite abelian group by Harrison. The isomorphism classes of cleft H-extensions of k, that
is, H-Galois objects isomorphic to H as a comodule, form another subgroup of Gal(H). The latter
subgroup can be described in terms of Sweedler cohomology [24].
Now let H be a not necessarily cocommutative Hopf algebra. The deﬁnition of a (right) H-Galois
object given above is still meaningful in this case (as is a more general version with arbitrary sub-
algebra of coinvariants). It leads to a rich theory and plays an important role in the theory of Hopf
algebras. There is also a description of cleft extensions by suitably deﬁned “cohomology” classes of
“cocycles”. However, it is no longer possible to deﬁne a product on the set of isomorphism classes
of Galois objects, simply because the cotensor product of two right comodules does not make sense.
Also, the cohomology classes above do not form a group (and do not ﬁt in the framework of a general
cohomology theory).
The missing group structure on the analog of second cohomology can be recovered at the cost
of restricting the allowed cocycles. As observed in [18], a multiplication can be deﬁned for a cer-
tain subclass of two-cocycles on a Hopf algebra H , resulting in a certain kind of second cohomology
group, which, however, is not suﬃcient to classify all cleft extensions. These cocycles were called lazy
cocycles by Bichon and Carnovale [1], and the corresponding cohomology group the lazy cohomology
group H2L (H).
The missing group structure on Galois objects can be recovered at the cost of adding more
structure to the objects and introducing bi-Galois objects [15]. More precisely, any right H-Galois
object is an L-H-bi-Galois object, that is, a left L-Galois object and an L-H-bicomodule, with re-
spect to a uniquely deﬁned new Hopf algebra L. The isomorphism classes of bi-Galois objects form
a groupoid: The product of an L-H-bi-Galois object and an H-R-bi-Galois object can be deﬁned by
cotensor product over H , and will be an L-R-bi-Galois object. Cleft objects will form a subgroupoid,
as will commutative bi-Galois objects, if the Hopf algebras are commutative. As a special case, the
isomorphism classes of H-H-bi-Galois objects form a group BiGal(H, H); this was also observed in
unpublished work of Van Oystaeyen and Zhang.
Most of the general facts of bi-Galois theory generalize smoothly to the more general situation of
Hopf algebras in a braided base category and their Galois objects. In particular, we have a groupoid
of bi-Galois objects over Hopf algebras in a braided category B, and a group of H-H-bi-Galois objects
for a Hopf algebra H in B. This part of the theory was carried out in detail in [20].
In the present paper we turn to those phenomena that are special to the case of a cocommutative
Hopf algebra in a braided monoidal category B. Note that for a cocommutative ordinary Hopf alge-
bra H , the more classical group of Galois objects over H is contained in the more generally deﬁned
group BiGal(H, H), comprising such bi-Galois objects on which the left and right coaction coincide;
we could call them cocommutative bi-Galois objects. We shall establish such a subgroup of cocommu-
tative extensions in the more general case of a cocommutative Hopf algebra in the braided category B.
Before we start explaining this in any detail, however, we should comment on the very notion of a
cocommutative Hopf algebra.
A coalgebra (C,) in a braided category is cocommutative if τCC = , where  and τ denote
comultiplication and braiding, respectively. It was already noted by Majid, see e.g. [13], that cocom-
mutativity of the underlying coalgebra of a Hopf algebra H seems is a very restrictive notion in the
context of a braided category. In fact, it turns out that having a cocommutative Hopf algebra H forces
the braiding to be a symmetry at least on H , in the sense that τ 2HH = idH⊗H , as shown in [16].
Nevertheless, such cocommutative Hopf algebras do occur and their Hopf–Galois theory was recently
studied and applied by Cuadra and Femic´ [4].
We will be considering Hopf algebras in B that are cocommutative in a more subtle (and techni-
cally more involved) sense, which was studied in [14,21]. This type of cocommutativity (or commu-
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algebra A is a Hopf algebra H in the braided monoidal category of A-modules (resp. A-comodules)
which is cocommutative (resp. commutative) in our sense. More generally, if C is a braided monoidal
category and ω : C → B is a monoidal functor preserving the braiding, and if the Hopf algebra H in B
is obtained by a reconstruction procedure from ω as the coalgebra universally coacting on ω, then H
is commutative in our sense.
Technically, a commutative central bialgebra in B is a bialgebra H in B, but also an object of
the center of B, which means that for any object X ∈ B there is a prescribed switching isomor-
phism σ : H ⊗ X → X ⊗ H , called a half-braiding, which fulﬁlls suitable braiding axioms, but does not
in general coincide with the braiding we already have in B. The half-braiding σ and the bialgebra
structure have to fulﬁll certain compatibility conditions. For the algebra structure these simply say
that H should be an algebra in the center of B, but for the coalgebra structure the conditions are
quite different. Finally H is commutative in the sense that ∇σ = ∇ holds for the multiplication ∇
of H .
We need the dual notion, consistently if awkwardly termed a cocommutative cocentral bialgebra.
This can be deﬁned, of course, by passing to a suitable dual category. We also note that if H has a
suitable dual object in B, then (cocommutative) cocentral bialgebra structures on H are the same as
(commutative) central bialgebra structures on the dual.
Let H be a cocommutative cocentral Hopf algebra. Then we will obtain the following results on
Galois and bi-Galois objects over H : First, every left H-comodule algebra is, by pulling the comod-
ule structure to the other side using the half-braiding of H , naturally a right H-comodule algebra
and in this way a bicomodule algebra. Thus, we can form the cotensor product of two left H-Galois
objects, and in this way left Galois objects form a monoid Gal(H). We do not know whether a
left Galois object A ∈ Gal(H) is necessarily a right Galois object with respect to its natural right
H-comodule structure. It is invertible in the monoid Gal(H) if and only if this is the case. Call a
bi-Galois object A cocommutative if the right H-comodule structure is determined by the left H-
comodule structure and the half-braiding. Then the cocommutative bi-Galois objects form a subgroup
BiGalc(H) of the group BiGal(H, H) of all bi-Galois objects. If A is a cleft left H-Galois object, then
in fact the associated right H-comodule structure makes it an H-H-bi-Galois object. In this way the
cleft left Galois objects form a subgroup of the group of cocommutative bi-Galois objects. Since cleft
Galois objects are still classiﬁed by cocycles, we see that cohomology classes of two-cocycles clas-
sify the group of cleft extensions. In fact it turns out that all cocycles on a cocommutative cocentral
Hopf algebra are lazy, and the (lazy) second cohomology group is isomorphic to the group of cleft
extensions. So far, the results were motivated by and modelled on results that hold for cocommuta-
tive ordinary Hopf algebras. In the last section we will introduce another subgroup of the group of
all cocommutative bi-Galois objects whose deﬁnition only makes sense in the case of a braided base
category. Here, there is a certain class of H-modules deﬁned by a compatibility condition between
the module structure and the half-braiding. The dual notion for commutative central bialgebras was
called a “good comodule” in [21] and we still lack a better name. If a central bialgebra H arises by
a reconstruction process from an underlying functor ω : C → B, then all H-comodules in the image
of ω are good, and the half-braiding of H is in fact deﬁned by this condition. For a cocommutative
central Hopf algebra H we show that there is a subgroup of the group of cocommutative H-bi-Galois
objects formed by all those A such that the Miyashita–Ulbrich action of H on A makes it a good
module.
2. Preliminaries
Throughout the paper, B denotes a monoidal category with equalizers and a braiding τ . We say
that an object X ∈ B is ﬂat if tensoring with X preserves equalizers. A ﬂat object X is called faithfully
ﬂat if tensoring with X reﬂects isomorphisms. We make free use of the notions of algebras, bialgebras,
Hopf algebras, module algebras and comodule algebras in B. We will assume that B is strict monoidal.
We will use graphical calculus to do computations in B, using the notations
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V W
W V
and τ−1VW =
W V
V W
for the braiding,
∇A =
A A

A
, ηA = 
A
, μ = μr =
M A

M
, and μ =
A M

M
for the multiplication and unit of an algebra A in B, the module structure of a right A-module
M ∈ BA , and the module structure of a left module M ∈ AB,
C =
C
C C
, εC =
C
 , δ = δr =
M

M C
, and δ =
M

C M
for the comultiplication and counit of a coalgebra C in B, the comodule structure of a right C-
comodule M ∈ BC , and that of a left C-comodule M ∈ C B.
We will use
S =
H
+
H
and S−1 =
H
−
H
for the antipode of a Hopf algebra in H and, if S is an isomorphism, its inverse.
Deﬁnition 2.1. Let A be a right H-comodule algebra in B. We say A is a right H-Galois object, if
η : I → A is the equalizer of δ, A ⊗ η : A → A ⊗ H , and the morphism
β = (A ⊗ A A⊗δ−−→ A ⊗ A ⊗ H ∇⊗H−−−→ A ⊗ H)
is an isomorphism.
We denote the set of isomorphism classes of faithfully ﬂat right H-Galois objects by Galr(H), and
the set of isomorphism classes of faithfully ﬂat left H-Galois objects (deﬁned in an analogous manner)
by Gal(H).
If A is an H-Galois object, we write
γ = (H η⊗H−−−→ A ⊗ H β−1−−→ A ⊗ A).
The following identities for the partial inverse γ of β go back to a paper of Schneider [23] and
were veriﬁed in the braided setting in [20].
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A

γ

A A
=
A

A A,
(2.1)
H
γ

A A H
=
H 	
γ
A A H,
(2.2)
H
γ

H A A
=
H
 	
+ γ
H A A,
(2.3)
H H

 
γ
A A
=
H H
γ γ


A A,
(2.4)

γ
A A
=  
A A.
(2.5)
The last two equations say that γ : H → Aop ⊗ A is an algebra morphism.
The center Z(C) of a monoidal category C has as its objects pairs (V , σV ,−) where V ∈ C , and the
half-braiding σV X : V ⊗ X → X ⊗ V is a natural isomorphism satisfying σV ,X⊗Y = (X ⊗σV Y )(σV X ⊗ Y ).
It follows that σV I : V ⊗ I → I ⊗ V is the canonical isomorphism. The center is a braided monoidal
category. We will usually write σV X =
V X

X V
.
We will next recall the terminology and some basic facts on central bialgebras and Hopf algebras
in a braided monoidal category B as introduced in [14,21]. The notion of a commutative central
bialgebra introduced in those papers is an attempt to capture axiomatically the “commutativity” found
in a Hopf algebra reconstructed from a braided monoidal functor to a braided category, such as the
transmuted Hopf algebras of Majid [13]. Such a Hopf algebra will be commutative with respect to a
suitable braiding, while it can never [16] be commutative with respect to the braiding in B. In the
present paper we will actually be needing suitably cocommutative bialgebras and Hopf algebras in B.
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a cocommutative cocentral bialgebra. Formally, this is a commutative central bialgebra in Bopsym.
Graphically, it is obtained by reading [21] upside down.
A cocentral algebra in B is an object (A, σA,−) in Z(B) and an algebra (A,∇, η) in B satisfying
A A X


X A
=
A A X


X A
=
A A X


X A
(2.6)
for every object X ∈ B.
Let A be a cocentral algebra in B, and M a left A-module. We say that M is a good module, if
A X M


X M
=
A X M

X M
=
A X M

X M.
(2.7)
The category of cocentral algebras in B is a braided monoidal category; the tensor product is taken
as the usual tensor product of algebras in B, and of objects of the center of B.
A cocentral bialgebra in B is by deﬁnition a coalgebra in the category of cocentral algebras in B.
If it is commutative as an algebra in the center of B, we will call it a commutative cocentral bialge-
bra.
If H is a cocentral bialgebra in B, then the tensor product of two good H-modules is good.
Let H be a cocentral bialgebra in B that is a Hopf algebra. Then the antipode of H satisﬁes
H X
+

X H
=
H X

+
X H
(2.8)
for each X ∈ B. See [9,21] for two quite different proofs, and [21] for a conceptual categorical inter-
pretation of this equation.
The antipode of a cocommutative cocentral Hopf algebra is an isomorphism, see [9].
3. Supplements on (bi-)Galois objects
The Miyashita–Ulbrich action of a Hopf algebra on a Galois object [25,7] was duly generalized to
the braided setting in [20]; we will need the insigniﬁcant generalization to an action on any bimodule
over the Galois object, and its characterization in the following lemma:
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by L : A ⊗ M → M and R :M ⊗ A → M. The morphism
μ =
H M

M
=
H M
γ
L
R
M
can be characterized as the unique morphism H ⊗ M → M such that
A M
L
M
=
A M


R
M.
The morphism μ is a left H-module structure on M, which we will call the Miyashita–Ulbrich action.
Proof. The morphism μ is a left H-module structure since γ : H → A ⊗ Aop is an algebra morphism.
We have
A M


R
M
=
A M

γ
L
R
R
M
=
A M

γ
L 
R
M
=
A M
L
M
because of (2.1). Conversely, if a morphism T : H ⊗ M → M satisﬁes
A M
L
M
=
A M

T
RM,
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H M
γ
L
R
M
=
H M
γ

T
R
R
M
=
H M
γ

T 
R
M
=
H M
T
M
using (2.1) again. 
The following characterization of faithfully ﬂat Galois objects is due to Schneider [22] in the more
general case that the coinvariant subring is an arbitrary algebra (but the general setting is that of
modules over a commutative ring in place of a braided base category).
Proposition 3.2. Let H be a ﬂat Hopf algebra in B, and A a right H-comodule algebra. The following are
equivalent:
1. A is a faithfully ﬂat H-Galois object.
2. The functor B → BHA , V → V ⊗ A, is an equivalence.
Proof. (1) ⇒ (2) was proved in [20].
(2) ⇒ (1) The induction functor has the functor BHA → B, M → Mco H , as its right adjoint, hence
as its quasi-inverse. In particular we have Aco H ∼= (I ⊗ A)co H ∼= I . To see that β : A ⊗ A → A ⊗ H is an
isomorphism, we consider it as a morphism in BHA between A ⊗ A with the structures of the right
tensor factor, and A ⊗ H with the comodule structure of the right tensor factor, and the diagonal
module structure
A H A


A H .
With these structures, β is in fact a right module morphism by the calculation
A A A
 



A H
=
A A A
 



A H
=
A A A

 


 
A H,
and it is obviously right H-colinear. Since βco H can be identiﬁed with the identity morphism on A,
we conclude that β is an isomorphism. 
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L-comodule algebra that is ﬂat. Then T L A is a right H-comodule algebra, and the functor
BL 	 V → V 
L
A ∈ BH
induces a functor
BLT 	 V → V 
L
A ∈ BHTL A .
Proof. In fact the functor −L A is weakly monoidal in the sense that there is a coherent morphism
ξ : (V 
L
A) ⊗ (W 
L
A) → (V ⊗ W )
L
A
for right L-comodules V ,W . This makes T L A an algebra in BH via
(T 
L
A) ⊗ (T 
L
A)
ξ−→ (T ⊗ T )
L
A
∇H A−−−−→ T 
L
A,
and for every M ∈ BLT , it makes M L A a right T L A-module in BH via
(M 
L
A) ⊗ (T 
L
A)
ξ−→ (M ⊗ T )
L
A
μL A−−−→ M 
L
A. 
The following result says that a bicomodule algebra is a bi-Galois object if and only if it is an
invertible element under cotensor product. We do not state it that way since it is not easy to exhibit
a class of bicomodule algebras on which cotensor product would deﬁne an associative operation (see
the discussion at the beginning of Section 4).
Proposition 3.4. Let L, H be ﬂat Hopf algebras in B, and A a ﬂat L-H-bicomodule algebra. The following are
equivalent:
1. A is a faithfully ﬂat L-H-bi-Galois object.
2. There is a ﬂat H-L-bicomodule algebra A−1 such that A H A−1 ∼= L as L-L-bicomodule algebras and
A−1 L A ∼= H as H-H-bicomodule algebras.
Proof. The implication (1) ⇒ (2) was treated in [20]. We recall for later use that in case the antipode
of H is an isomorphism, the inverse A−1 can be constructed as the opposite algebra of A with the
left H-comodule structure
A−1

H A−1
=
A

−
H A.
Assume (2). For any ﬂat right L-comodule algebra T , the functor BLT → BHTL A from Remark 3.3 is
an equivalence, with inverse given by
− A−1 : BHTL A → BLTL AH A−1 ∼= BLT .H
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equivalence
B → BLL → BHLL A ∼= BHA ,
given by V → (V ⊗ H) H A ∼= V ⊗ A. By Proposition 3.2, A is faithfully ﬂat H-Galois. Analogously,
A is left L-Galois. 
Proposition 3.5. Let L, H be Hopf algebras in B whose antipodes are isomorphisms. Let A be an L-H-bi-Galois
object. Then the left Miyashita–Ulbrich action on A−1 and the right Miyashita–Ulbrich action on A are related
by
H A−1

A−1
=
H A
+

A.
Proof. By Lemma 3.1, the calculation
A−1 A−1



 
A−1
=
A A

−
+


 
A
=
A A



A
=
A A

A
=
A−1 A−1

 
A−1
proves the claim. 
4. The cocommutative case
In this section we will establish the special monoids and groups of (bi-)Galois objects that one
can deﬁne for cocommutative cocentral Hopf algebras. To begin with, we discuss the basic (and
well-known) facts on cocommutative comodules, and the diﬃculties one faces using cotensor prod-
ucts.
Let C be a cocommutative coalgebra in the center Z(C) of a monoidal category C . Then the under-
lying functor C CC → C C from the category of C-C-bicomodules to the category of left C-comodules
has a natural section: To M ∈ C C one can assign M ∈ C CC with the given left comodule structure, and
the right comodule structure
δr = (M δ−→ C ⊗ M σ−→ M ⊗ C),
where σ is the half-braiding.
Call a bicomodule M ∈ C CC cocommutative if it is in the image of the functor just described. Then
the category of left C-comodules is isomorphic to the category of cocommutative C-C-bicomodules.
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cocommutative, then so is M C N , by the (standard) calculation
M C N

ι
M N C
=
M C N
ι

M N C
=
M C N
ι


M N C
=
M C N
ι


M N C
=
M C N

ι


M N C
=
M C N


ι
M N C
where ι :M C N → M ⊗ N is the canonical monic.
In general, however, we cannot expect C CC nor C C to be monoidal categories under the cotensor
product because this will not be associative without further assumptions. The cotensor product of
bicomodules that are ﬂat objects of C is associative, but a cotensor products of ﬂat objects might
fail to be ﬂat. (The assumption that all objects of C are ﬂat would be suﬃcient to obtain a monoidal
category of bicomodules.) In particular, if H is a ﬂat cocommutative cocentral Hopf algebra, we cannot
expect to have a monoid of bicomodule algebras and a submonoid of cocommutative bicomodule
algebras over H . However, we do have the group BiGal(H, H) of bi-Galois objects over H as in [20].
The following result collects the monoids and groups we can construct in the cocommutative case:
Theorem 4.1. Let H be a ﬂat cocommutative cocentral Hopf algebra in B.
Then Gal(H) is a monoid under the cotensor product of H-H-bicomodule algebras, where we endow a left
H-Galois object with the unique right H-comodule structure making it a cocommutative bicomodule.
The isomorphism classes of cocommutative H-bi-Galois objects form a subgroup BiGalc(H) of BiGal(H, H).
This subgroup can be naturally identiﬁed with the group of invertible elements in Gal(H).
Proof. We have already recalled that cotensoring cocommutative bicomodules over a cocommutative
ﬂat coalgebra yields a cocommutative bicomodule. If we can verify that cotensoring two faithfully ﬂat
left Galois objects will give a faithfully ﬂat left Galois object, then we have a well-deﬁned operation
in Gal(H) as stated, which is also associative since H and all the bicomodules we cotensor are
ﬂat.
Now more generally, if A is a faithfully ﬂat L-H-bicomodule algebra that is left L-Galois, and B is
a faithfully ﬂat H-R-bicomodule algebra that is left H-Galois, for ﬂat Hopf algebras L, H , and R , then
AH B is a faithfully ﬂat L-R-bicomodule algebra and left L-Galois. This is proved (though not stated
in this generality) with switched sides in the course of the proof of [20, Thm. 5.2].
If A ∈ Gal(H) is invertible under the monoid structure of Gal(H), then Proposition 3.4 shows that
the right H-comodule structure makes A into a right H-Galois object, and thus A can be considered
as a cocommutative H-bi-Galois object. On the other hand, let A be a cocommutative H-bi-Galois
object, and let A−1 be its inverse in the group BiGal(H, H). Then A−1 is also cocommutative by the
calculation
A−1


A−1H
=
A

−

A H
=
A


−
A H
=
A

−
A H
=
A−1

A−1H
which uses an easy consequence of (2.8) in the second equality. 
3210 P. Schauenburg / Journal of Algebra 324 (2010) 3199–32185. Supplements on cleft objects
This section contains some facts on cleft comodule algebras, or, equivalently, Galois objects with
normal basis, or cocycle crossed products. As before, we restrict ourselves to the case where the
coinvariant subalgebra is trivial. We believe there is essentially no problem in establishing the general
theory for more general coinvariants, and we do not claim the facts below are not known; we will list
them giving very little proof, to prepare for the presentation of those phenomena that are particular
to the case of cocommutative cocentral Hopf algebras; these will be presented in the next section.
In the case of k-Hopf algebras and their comodule algebras the characterization of cleft comodule
algebras as Galois extensions with normal basis or cocycle crossed products is due to Blattner, Cohen,
Doi, Montgomery, and Takeuchi [2,6,3]. The reader going through the details in the braided case might
ﬁnd the alternative proof offered in [17,19] helpful. Doi [5] showed that isomorphism classes of cleft
extensions are described by cohomology classes (in an extended sense) of cocycles.
A right H-comodule algebra A is called cleft if there is a convolution invertible right H-comodule
morphism j : H → A. If A is cleft, j can be chosen to satisfy jηH = ηA . If A is cleft, and Aco H = k,
then j is an isomorphism, and A is an H-Galois object. On the other hand, if A is a right H-Galois
object, and isomorphic to H as a right H-comodule, then A is cleft.
The multiplicative structure of a cleft Galois object can be described in terms of a “two-cocycle”.
More precisely, a cleft H-Galois object is isomorphic to H as a comodule, so describing it entirely
amounts to giving a multiplication on H which is a right H-comodule morphism ∇A : H ⊗ H → H . By
virtue of being colinear, such a morphism will have the form
∇A = α ∗ ∇ = (∇H ⊗ α)(H ⊗ τ ⊗ H)( ⊗ ) =
H H
α 
H
for a unique morphism α : H ⊗ H → I , namely α = εH∇A .
Conversely, if α : H ⊗ H → I is a morphism, deﬁne a new multiplication on H by
∇α =
H H
α 
H
then Hα := (H,∇α) is an associative algebra with unit ηH if and only if α(η ⊗ H) = ε = α(H ⊗ η),
and
H H H 	
α 
 
α
=
H H H 	
α 
 
α
A convolution invertible morphism α satisfying these conditions will be called a normalized two-
cocycle. The right H-comodule algebra Hα deﬁned by a convolution invertible cocycle α is a cleft
H-Galois object.
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H → I . Any colinear map Hα → Hα′ has the form fν = ν ∗ idH = (ν ⊗ H) for a uniquely determined
ν : H → I . One can check that fν : Hα → Hα′ is multiplicative if and only if
(ν ⊗ ν) ∗ α′ =
H H
ν ν
α′
=
H H 	
α 
 
ν
= α ∗ (ν∇)
and fν preserves units if and only if ν does. Of course, fν is an isomorphism if and only if ν is
convolution invertible.
In particular, if ν is convolution invertible with νη = id, then α is a cocycle if and only if (ν−1 ⊗
ν−1) ∗ α ∗ (ν∇H ) is a cocycle. We will say that two two-cocycles α and α′ are cohomologous if there
is a convolution invertible unital morphism ν : H → I with α′ = (ν−1 ⊗ ν−1) ∗ α ∗ (ν∇H ). The above
discussion shows that Hα and Hα′ are isomorphic H-comodule algebras if and only if α and α′ are
cohomologous.
In particular, cohomology is an equivalence relation, and the set H2(H) of cohomology classes of
two-cocycles on H is in bijection with the subset Cleftr(H) ⊂ Galr(H) whose elements are represented
by cleft extensions.
Let H , L, R be ﬂat bialgebras in B, A an L-H-bicomodule algebra, and B an H-R-bicomodule
algebra. If B ∼= H as a left H-comodule, then A H B ∼= A as a left L-comodule. In particular, if A and
B are cleft left Galois objects, then so is A H B .
Let A be a cleft right H-Galois object. By [20], A is L-H-bi-Galois for a certain ﬂat Hopf algebra L.
It follows that the inverse A−1 ∈ BiGal(H, L) is right L-cleft: Since A ∼= H as right H-comodules,
we have A−1 ∼= A H A−1 ∼= L as right L-comodules. On the other hand, by the description of A−1
in [20], A−1 ∼= (A ⊗ H)co H ∼= (H ⊗ H)co H ∼= H−1 ∼= H as left H-comodules, since A ∼= H as right H-
comodules. Thus A−1 is also left H-cleft, and by repeating the argument with reversed roles A is left
L-cleft.
In fact one can show that, as in the unbraided case [15], the left Hopf algebra L(Hα, H) of the
right H-Galois object Hα is Hα = H as a coalgebra, with doubly twisted multiplication
∇α =
H H		
 
α α−1
H
(5.1)
Although this is perhaps the least straightforward fact in this section, we will not give a proof. We
still cited the formula, because it makes it easier to motivate the “lazy” terminology below.
6. Second cohomology
In the previous section we have recalled the well-known description of (isomorphism classes of)
cleft extensions through (cohomology classes of) two-cocycles. However, the sets in question have
no group structure in general. For the case of a cocommutative k-Hopf algebra H , a special case of
Sweedler’s cohomology theory provides cohomology groups Hn(H) = Hn(H,k) and the second coho-
mology group describes the group of cleft extensions. In [18] we have introduced a kind of second
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by Bichon and Carnovale [1]. When we use one of the cocycles representing an element of this group
H2L (H) to doubly twist the multiplication of H as in (5.1), it is so “lazy” that the multiplication does
not actually get changed at all. Below we will repeat the deﬁnition of lazy second cohomology groups
for the case of a Hopf algebra H in B. The key point, however, is that if H is cocommutative cocentral,
then in fact every cocycle is lazy. Thus we have a second cohomology group of H which classiﬁes the
set of all cleft objects over H , which are in fact Galois on either side and form a subgroup of the
group of cocommutative bi-Galois objects.
Deﬁnition 6.1. Let H be a bialgebra in B. We denote by Regn(H) the set of all convolution invertible
morphisms φ : H⊗n → I that are normalized in the sense that φ ◦ (H⊗k ⊗ ηH ⊗ H⊗(n−k−1)) = ε⊗(n−1)
for all 0 k n. Elements of Regn(H) will be referred to as n-cochains.
Let ∇(n) : H⊗n → H denote iterated multiplication, that is, ∇(1) = idH , ∇(2) = ∇ , and recursively
∇(n+1) = ∇(∇(n) ⊗ H).
We call an n-cochain φ ∈ Regn(H) lazy if φ ∗ ∇(n) = ∇(n) ∗ φ. The set of lazy n-cochains is denoted
by RegnL(H).
In particular, a lazy one-cochain ν is required to satisfy (ν ⊗ H) = (H ⊗ ν), and a lazy two-
cochain α is required to satisfy
α ∗ ∇ =
H H
α 
H
=
H H
 α
H
= ∇ ∗ α.
Obviously, the lazy cochains form subgroups RegnL(H) ⊂ Regn(H). The group Reg1L(H) is abelian.
Note that a two-cochain α is lazy if and only if ∇α = ∇ , see (5.1).
Deﬁne
∂1 : Reg1(H) → Reg2(H),
∂2+, ∂2− : Reg2(H) → Reg3(H)
by
∂1(ν) := (ν−1 ⊗ ν−1) ∗ (ν∇),
∂2+(α) := (ε ⊗ α) ∗
(
α(H ⊗ ∇)),
∂2−(α) := (α ⊗ ε) ∗
(
α(∇ ⊗ H)).
Then a two-cocycle on H is an element of the equalizer Z2(H) of ∂2+ and ∂2− , and such a cocycle is
cohomologous to the trivial cocycle if and only if it is in the image of ∂1.
Corollary 6.2. Let H be a bialgebra in B. Then for α ∈ Reg2L(H) and β ∈ Reg2(H) we have
(ε ⊗ α) ∗ (β(H ⊗ ∇)) = (β(H ⊗ ∇)) ∗ (ε ⊗ α),
(α ⊗ ε) ∗ (β(∇ ⊗ H)) = (β(∇ ⊗ H)) ∗ (α ⊗ ε)
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the restrictions of ∂2± deﬁne group homomorphisms ∂2± : Reg2L(H) → Reg3(H), and their equalizer Z2L (H) :=
Z2(H) ∩ Reg2L(H) is a subgroup of Reg2L(H). Moreover, the group Z2L (H) of lazy two-cocycles acts on the right
on the set Z2(H) of all two-cocycles by convolution.
Proof. The calculation
H H H

 α
β
=
H H H
α 
β
=
H H H
 α
β
=
H H H

 α
β
proves the ﬁrst equation; the second is similar. The remaining conclusions follow easily, since the
maps
Reg2(H) → Reg3(H)
sending α to ε ⊗ α, α ⊗ ε, α(∇ ⊗ H), and α(H ⊗ ∇), respectively, are group homomorphisms. 
Lemma 6.3. The restriction of ∂1 to the group of lazy one-cochains is a group homomorphism. Its image
B2L(H) = ∂1(Reg1L(H)) is contained in the center of the group Z2L (H) of lazy two-cocycles.
Proof. Consider ν ∈ Reg1L(H). Clearly ν ⊗ ν is in the center of Reg2(H) and in Reg2L(H). It is also
immediately seen that ν∇ commutes with lazy cochains. From the preceding section we recall that
∂1(Reg1(H)) ⊂ Z2(H). It remains to check that ν∇ is lazy, and we are done:
(ν∇) ∗ ∇ =
H H 	

 
ν
H
=
H H

ν
H
=
H H

ν
H
=
H H 	

 
ν
H
= ∇ ∗ (ν∇). 
Corollary 6.4. The lazy second cohomology group H2L (H) := Z2L (H)/B2L(H) of a bialgebra H in B is a group,
acting on the right on H2(H).
Proposition 6.5. Let H be a cocommutative cocentral bialgebra in B. Then every cochain on H is lazy.
Proof. Somewhat redundantly, we will treat one-cochains and two-cochains separately, since these
are the cases needed for the treatment of cleft extensions. For a one-cochain ν we have
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ν
H
=
H

ν
H
=
H
ν
H
For a two-cochain α
α ∗ ∇ =
H H

α 
H
=
H H


α
H
=
H H


α
H
=
H H

 α
H
= ∇ ∗ α.
In preparation for the general case, we claim
H H⊗n 	
∇(n+1)

H⊗n H
=
H H⊗n 	
∇(n+1)
H⊗n H .
In fact, for n = 1 we have
H H


H H
=
H H


H H
=
H H

H H .
For the inductive step we abbreviate H⊗(n−1) =: A and calculate
H H⊗n 	
∇(n+1)

H⊗n H
=
H H A

 
∇(n)


H A H
=
H H A


∇(n)

=
H H A

 
∇(n)

H A H
H A H
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H H A

∇(n)
H A H
=
H H A	

∇(n)
H A H
=
H H⊗n 	
∇(n+1)
H⊗n H
using the equality
H A X
∇(n)

X H
=
H A X

∇(n)
X H
for X ∈ B, which follows by an easy induction from the deﬁnition of a cocentral algebra.
Now for φ ∈ Regn(H) we have
∇(n) ∗ φ =
H A
∇(n) φ
H
=
H A

∇(n) φ
H
=
H A
∇(n)

φ
H
=
H A
∇(n)

φ
H
=
H A
φ ∇(n)
H
= φ ∗ ∇(n). 
Corollary 6.6. Let H be a ﬂat cocommutative cocentral Hopf algebra in B.
The cleft left Galois objects over H form a submonoid Cleft(H) ⊂ Gal(H).
If A is a cleft left H-Galois object, then the right H-comodule algebra A is also a cleft H-Galois object. Thus
Cleft(H) is a subgroup of BiGalc(H) ⊂ BiGal(H, H).
The group Cleft(H) is isomorphic to H2(H).
Proof. We have already remarked in the preceding section that the cotensor product of left cleft
bicomodule algebras is left cleft, so Cleft(H) ⊂ Gal(H) is a submonoid.
If H is an arbitrary Hopf algebra in B, and α ∈ Reg2L(H), then the deﬁning equation of a lazy
cocycle implies that the right H-cleft Galois object Hα is the same algebra as the left H-cleft Galois
object αH deﬁned in an analogous manner. If H is cocommutative, so every cocycle is lazy, then any
left H-Galois object A is isomorphic to such an algebra αH , and since αH = Hα is also right cleft
with the cocommutative bicomodule algebra structure, we have shown that A is also right cleft. In
particular, Cleft(H) ⊂ BiGalc(H); we have also seen in the preceding section that the inverse of a
cleft bi-Galois object is cleft, and so Cleft(H) is a subgroup.
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comultiplication in H induces a right H-colinear isomorphism F : Hα∗β → Hα H Hβ with inverse
induced by ε ⊗ H , and the calculation
F−1∇HαH Hβ (F ⊗ F ) =
H H 	  	

α  β 

H
=
H H  	
α

β 
H
=
H H 	

α β
H
= ∇α∗β
shows that F is multiplicative, and so Hα H Hβ ∼= Hα∗β as Galois objects. 
7. The good subgroup
In this section we will show that those cocommutative bi-Galois objects that are good modules
form a subgroup in the group of cocommutative bi-Galois objects. The deﬁnition of this subgroup of
course only makes sense in the braided case, it has no analog for Hopf algebras over a commutative
base ring.
Proposition 7.1. Let H be a ﬂat cocommutative cocentral Hopf algebra. Let A and B be faithfully ﬂat left
H-Galois objects, and assume that B is a good left H-module under the Miyashita–Ulbrich action. Then the
Miyashita–Ulbrich action on A H B is induced by the diagonal action on A ⊗ B.
Proof. We ﬁrst consider A ⊗ B as a left–left Hopf module over the left H-Galois object A H B . By
the characterization Lemma 3.1, the calculation
AB A B


ι
 

 
A B
=
AB A B
ι


 

 
=
AB A B
ι


 


A B A B
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AB A B
ι



 

A B
=
AB A B
ι
 
 
 
A B
=
AB A B
ι

A B
shows that the Miyashita–Ulbrich action of H on A ⊗ B is the diagonal action. But clearly A H B
is a Hopf submodule of A ⊗ B , and thus also a submodule with respect to the Miyashita–Ulbrich
action. 
Proposition 7.2. Let H be a cocommutative cocentral Hopf algebra in B, and A a cocommutative H-H-bi-
Galois object. Assume that A is a good left H-module under the Miyashita–Ulbrich action.
Then the right Miyashita–Ulbrich action of H on A is given by
A H

A
=
A H
−

A.
The left Miyashita–Ulbrich action on A−1 is the same as that on A.
Proof. Deﬁne a right action of H on A by the formula in the statement. By Lemma 3.1, the calcula-
tion
A A

−

A A
=
A A


−

A A
=
A A

−


A A
=
A A

−


A A
=
A A

−

A A
=
A A

−

A A
shows that it is the Miyashita–Ulbrich action. The second claim follows from the ﬁrst along with
Proposition 3.5. 
Theorem 7.3. Let H be a ﬂat cocommutative cocentral Hopf algebra in B.
The cocommutative bi-Galois objects over H that are good H-modules under the Miyashita–Ulbrich action
form a subgroup of BiGalc(H).
Proof. We have seen that the subset in question is closed under product and inverses. It remains to
note that it contains the neutral element (or any element, for that matter). But the Miyashita–Ulbrich
3218 P. Schauenburg / Journal of Algebra 324 (2010) 3199–3218action of H on itself is the adjoint action, and it follows from the dual statement [21, Prop. 5.5] that
this is a good module structure. 
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